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Definition 1. Let A ⊂ R. Then A is called negligible (or a set of measure zero) if there

exists a sequence of bounded-open intervals (In) such that

A ⊂
∞⋃
n=1

In and

∞∑
n=1

|In| < ε,

where |In| denotes the length of the interval In.

Example 1. ∅ is negligible:

Choose ε > 0. Consider the sequence of bounded-open intervals (In), where In = (1, 1), ∀ n ∈

N. Clearly ∅ ⊂
⋃∞

n=1 In and
∑∞

n=1 |In| = 0 < ε. Thus ∅ is negligible.

Example 2. A subset of a negligible set is negligible:

Let A be a negligible subset of R and B ⊂ A.

Choose ε > 0. Then ∃ a sequence (In) of bounded-open intervals such that A ⊂
⋃∞

i=1 In

and
∑∞

n=1 |In| < ε. Consequently, B ⊂
⋃∞

i=1 In, where
∑∞

n=1 |In| < ε. Thus B is negligible.

Example 3. Any finite subset of R is negligible:

Let A = {x1, x2, · · · , xn} ⊂ R.

Choose ε > 0. Consider the sequence (In) of bounded-open intervals where
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In =


(
xi −

ε

4n
, xi +

ε

4n

)
, 1 ≤ i ≤ n

(1, 1), i > n

.

Then A ⊂
⋃∞

n=1 In and
∑∞

n=1 |In| =
ε

2n
× n < ε. Thus A is negligible.

Example 4. Any countable subset of R is negligible:

Let A be a countable subset of R given by A = {x1, x2, · · · }.

Choose ε > 0. Consider the sequence (In) of bounded-open intervals where

In =
(
xn −

ε

2n+2
, xn +

ε

2n+2

)
, ∀ n ∈ N.

Clearly A ⊂
⋃∞

n=1 In and
∑∞

n=1 |In| =
(
ε

22
+

ε

23
+

ε

24
+ · · ·

)
=
ε

2
< ε. Thus A is negli-

gible.

Example 5. Countable union of negligible sets is negligible:

Let {An : n ∈ N} be a countable collection of negligible subsets of R.

Choose ε > 0. Then corresponding to each i ∈ N, ∃ a sequence (Iin) of bounded-open

intervals such that Ai ⊂
⋃∞

n=1 I
i
n and

∑∞
n=1 |I

i
n| <

ε

2i+1
, ∀ i ∈ N.

Set (Jn) to be the sequence of bounded-open intervals given by (I11 , I
2
1 , I

1
2 , I

3
1 , I

2
2 , I

1
3 , · · · ).

Clearly then

∞⋃
i=1

Ai ⊂
∞⋃
n=1

Jn and

∞∑
n=1

|Jn| =
∞∑
i=1

∞∑
n=1

|Iin| ≤
(
ε

22
+

ε

23
+

ε

24
+ · · ·

)
=
ε

2
< ε.

Thus
⋃∞

i=1Ai is negligible.

Example 6. Finite union of negligible sets is negligible:
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Let A1, A2, · · · , An be negligible subsets of R and A =
⋃n

i=1Ai.

Clearly A =
⋃∞

i=1Bi, where

Bi =


Ai, 1 ≤ i ≤ n

∅, otherwise

.

Thus, in view of Example 5, A is negligible.

[For the direct proof, see Mapa]

Example 7. A subset of R having countable derived set is negligible:

Let A ⊂ R be such that Ad = {x1, x2, · · · }.

Choose ε > 0. Consider the sequence (In) of bounded-open intervals such that In =(
xn −

ε

2n+3
, xn +

ε

2n+3

)
, ∀ n ∈ N.

Let B =
⋃∞

n=1 In\A. Clearly B is countable, {y1, y2, · · · }, say.

Set Jn =
(
yn −

ε

2n+3
, yn +

ε

2n+3

)
, ∀ n ∈ N.

Set (Kn) to be the sequence of bounded-open intervals given by

Kn =


In+1

2
, n = odd

Jn
2
, n = even

.

Then A ⊂ (
⋃∞

n=1 In)
⋃
B ⊂

⋃∞
n=1Kn and

∑∞
n=1 |Kn| =

∑∞
n=1 |In| +

∑∞
n=1 |Jn| =∑∞

n=1

ε

2n+2
+
∑∞

n=1

ε

2n+2
=
ε

2
< ε.

Thus A is negligible.

Example 8. A subset of R having finite derived set is negligible: Similar (simpler) − see

Mapa, if stuck.
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Notation 1. Given a function f : [a, b] → R, we denote the set of point of discontinuities

of f on [c, d] (⊂ [a, b]) by Df [c, d].

Theorem 1. (Riemann-Lebesgue) Let f : [a, b] → R be bounded on [a, b]. Then f ∈ R[a, b]

if and only if Df [a, b] is negligible.

Corollary 1. Let f : [a, b]→ R be continuous on [a, b]. Then f ∈ R[a, b] :

Clearly Df [a, b] = ∅. We first show that ∅ is negligible: (∗).

Thus by the Riemann-Lebesgue theorem f ∈ R[a, b].

Corollary 2. Let f : [a, b]→ R be bounded on [a, b] such that f is continuous on [a, b] except

for a finite number of points. Then f ∈ R[a, b] :

Clearly Df [a, b] is finite. We first show that every finite set is negligible: (∗).

Thus by the Riemann-Lebesgue theorem f ∈ R[a, b].

Corollary 3. Let f : [a, b]→ R be monotone on [a, b]. Then f ∈ R[a, b] :

Since f is monotone on [a, b], Df [a, b] is countable. We first show that every countable set

is negligible: (∗).

Thus by the Riemann-Lebesgue theorem f ∈ R[a, b].

Corollary 4. Let f : [a, b]→ R be bounded on [a, b] such that f is continuous on [a, b] except

for a countable number of points. Then f ∈ R[a, b] : Similar.

Corollary 5. Let f : [a, b]→ R be bounded on [a, b] such that f is continuous on [a, b] except

for a subset A of [a, b], where Ad is finite. Then f ∈ R[a, b] : Similar.

Corollary 6. Let f : [a, b]→ R be bounded on [a, b] such that f is continuous on [a, b] except

for a subset A of [a, b], where Ad is countable. Then f ∈ R[a, b] : Similar.
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Corollary 7. f, g ∈ R[a, b] =⇒ f + g ∈ R[a, b] :

Let f, g ∈ R[a, b]. Then Df [a, b],Dg[a, b] are negligible.

We first show that negligiblity is closed under finite union: (∗).

Consequently Df [a, b]
⋃
Dg[a, b] is negligible. Since Df+g[a, b] ⊂ Df [a, b]

⋃
Dg[a, b], so

Df+g[a, b] is negligible.

Thus by the Riemann-Lebesgue theorem f + g ∈ R[a, b].

Corollary 8. f ∈ R[a, b] =⇒ kf ∈ R[a, b], ∀ k ∈ R : Similar.

Corollary 9. f, g ∈ R[a, b] =⇒ fg ∈ R[a, b] : Similar.

Corollary 10. f ∈ R[a, b] =⇒ |f | ∈ R[a, b] : Similar.

Corollary 11. f, g ∈ R[a, b] =⇒ fg ∈ R[a, b] : Similar.

Corollary 12. f, g ∈ R[a, b] and g(x) ≥ k (for some k > 0) on [a, b] =⇒ f/g ∈ R[a, b] :

Since g(x) ≥ k > 0 on [a, b], so f/g exists and bounded on [a, b]. Since D1/g[a, b] = Dg[a, b]

and g ∈ R[a, b], so D1/g[a, b] is negligible.

Consequently, 1/g ∈ R[a, b].

We now show that u, v ∈ R[a, b] =⇒ uv ∈ R[a, b] : (∗).

Since f, 1/g ∈ R[a, b], so by the Riemann-Lebesgue theorem f/g ∈ R[a, b].

Corollary 13. Let f : [a, b] → R, g : [c, d] → R be two maps such that f [a, b] ⊂ [c, d]. If

f ∈ R[a, b] and g ∈ C[c, d] then g ◦ f ∈ R[a, b] :

Clearly g ◦ f is defined on [a, b].

Since g ∈ C[c, d], it follows that Dg◦f = Df . Also f ∈ R[a, b] =⇒ Df is negligible. Thus

by the Riemann-Lebesgue theorem g ◦ f ∈ R[a, b].
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Corollary 14. f ∈ R[a, b] ⇐⇒ f ∈ R[a, c] and f ∈ R[c, b] :

Let f ∈ R[a, b]. Then Df [a, b] is negligible.

We first show that negligiblity is closed under subsets: (∗).

Since Df [a, c],Df [c, b] ⊂ Df [a, b], so Df [a, c] and Df [c, b] are negligible.

Thus by the Riemann-Lebesgue theorem f ∈ R[a, c] and f ∈ R[c, b].

Conversely, let f ∈ R[a, c] and f ∈ R[c, b].

We first show that union of two negligible sets is negligible: (∗).

Since Df [a, b] = Df [a, c]
⋃
Df [c, b], so Df [a, b] is negligible.

Thus by the Riemann-Lebesgue theorem f ∈ R[a, b].

Corollary 15. Let f ∈ R[a, b] and g : [a, b] → R be such that f(x) = g(x) on [a, b] except

for finite (resp. countable) number of points. Then g ∈ R[a, b] : Left as an exercise.

(∗) : Plug-in the respective proof

Reference: Real Analysis by S. K. Mapa

6


